IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

New solutions to the classical non-Abelian Yang-Mills gauge field with confinement

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 341
(http://iopscience.iop.org/0305-4470/23/3/017)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 09:57

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 341-348. Printed in the UK

New solutions to the classical non-Abelian Yang—Mills gauge
field with confinement

F T Toti, P C W Fungt and W T Wong*

+ Physics Department, University of Hong Kong, Pokfulam Road, Hong Kong
t Physics Department, Zhong Shan University, People’s Republic of China

Received 5 August 1988, in final form 28 March 1989

Abstract. Within the differential geometry regime, we have introduced an ansatz and have
reduced the classical O(4) non-Abelian Yang-Mills gauge field equations into one differen-
tial equation which essentially describes the variation of the field components in generalised
time and space. This ansatz amounts to requiring that the metric tensor be diagonal and
the two parameter functions be functions of radial distance only. We have carried out a
series of numerical simulations of the field equation and found that the field strength
components display the confinement property.

1. Introduction

Much effort has been expended in the past few decades towards trying to obtain
solutions [1, 2] to the classical non-Abelian Yang-Mills gauge field. An early solution,
namely a monopole with singular string, was found in 1968 [3]. Monopoles with
different magnetic charges were deduced later [4-6]. Within the Euclidean SU(2)
gauge regime, the instanton solution was found [7, 8]. Such a solution is non-singular,
localised, self-dual, and has a topological charge of one unit. Later, multi-instantons
[9, 10] were derived which have square integrable gauge potential. Another type of
solution, the meron [11], was then found to represent a point-like concentration of 3
unit of topological charge, with a non-zero rest mass. Then multi-merons [12] were
found to be derivable from the yMm gauge field. Some other solutions are also known
to exist.

When we attempt to solve the gauge field equation, we often look for solutions
which might represent particles participating in physical interactions. For that reason,
soliton-type solutions are much more desirable. Though monopoles and instantons
are viewed as solitons, they do not show propagating characteristics. A method
commonly used in obtaining solutions to the complex nonlinear field equation is the
introduction of an ansatz.

In this paper, we study the classical solutions of the YMm gauge field equation in
Euclidean spacetime within the differential geometry regime. These solutions are useful
as they correspond to an approximate description of quantum tunnelling effect [1, 2].
Notice, though, that the spacetime manifold is flat when the special solutions are
obtained. In looking for a special solution, we shall assign a set of ansatzé to the line
element under the spherically symmetric condition. Eventually we arrive at only one
gauge field equation describing the variation of an O(4) non-Abelian gauge field.
Though we have not been able to obtain analytical solutions to this field equation, we
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have carried out a series of numerical simulations. We would like to report some very
interesting features of these solutions to the field strength components. In particular,
the ‘confinement property’ appears to persist in the solutions.

A similar method is applied to obtain soliton solutions using a different set of
ansatzé and the result is published in another paper [13].

2. One type of spherically symmetrical gauge field

The method we use in our derivation is to start with a line element or metrix tensor
in four-dimensional space. Employing a set of orthogonal unit basis frame transforma-
tions, we obtain a vierbein field [14] leading to a spin connection [15, 16]. We state
that such a spin connection is simply our gauge potential. Our ansatz is to take that
metrix tensor g,, be diagonal. A similar method has recently been applied to find
new soliton solutions to the non-Abelian ym gauge field [13].

Consider a system with spherical symmetry, so that the line element ds in four-
dimensional space can be expressed as

ds’=-g,, dx* dx"

=—e’®dr’—e’* dr’ - r}(d6*+sin® 6 d¢?) (2.1)
where r=it, ¢=1, and
eZA O
r2
Buv = r’sin’ 6

O e2¢
with u, v=1,2,3,4;x*=(r, 6,9, 7), A and @ being functions of r only, and other
symbols have their usual meanings. In order to study the gauge field properties, we

introduce an orthonormal frame with unit basis dy which is related to the spacetime
variable by the following transformation:

dy®=L¢ dx* (2.2)
where Lﬁ is the vierbein field and @ =1, 2, 3, 4 is a group index. As pointed out by

Wilczek [17], the gauge field properties can be analysed more clearly by introducing
the vierbein field. Based on (2.2), the metric tensor becomes

g = LiLES 5 (2.3)
and we have the orthogonal condition
LELP = 5%, (2.4)

In view of the diagonal form of g,, in (2.1) under the spherical symmetry condition,
the vierbein field is simply

et 0

Lé=
* rsin 6 (2.5)

0 e®
which is related to the spin connection C;fé by [17]
CLP =L (L, = LE,) +3L%7 (L5, — LY ) L% LA (LS LY - L, 1Y), (2:6)
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We assert that the spin connection C“‘i is simply our O(4) gauge potential, i.e. the
potential is A% = C%. In polar coordmates it is then elementary to show that the
non-zero components of the potential appear as

AP =—esin 6 A = e 27)
A% = _cos 6 AT = '

where the prime indicates differentiation with respect to r. It is well known that the
O(4) gauge field strength FS* is expressible in terms of AS” and its derivative:

Fif=3,A% 5, A% + AT A% _ A9 A%, (2.8)
From (2.7) and (2.8), we obtain the non-zero components of the field strength:
Fio=e A’ Fé=¢*A’sin 6 Fli=—(e*"0")
Fi% =sin 9(1-e") Fii=—e* 2 FSi=—e*'®'sin 6 29
o = grgtFii=S r\z\ Fr =g g Fl{ == S:: ;9
Fi=g"g " Fll=—(e" @) F90% = g9 g0 F S = —(14—?%) (2.10)
rsin 6
@‘ZA\ ’ d>—2‘\ ’
Ferer geegnFor _ - d Fd?f-d;-r _ gdubgTTF(bf > Sinq; )
On the other hand, in flat spacetime, the gauge field equation is
8, Ffur 4 AS Ay o ABNpalur L pu péfovpy pafur -, (2.11)

Note that the last two terms are zero in a cartesian coordinate system; here they are
non-zero in the polar coordinate system. It is easy to write down the explicit expressions
for the Christoffel symbol I';;, in flat spacetime and we shall omit the procedure here.
Using such expressions, putting (2.7) and (2.10) into (2.11), we arrive at a system of
gauge field equations in the spherically symmetric case

2 e 2e72%
2

(e¢—.\®1)r1+;(e¢ A\(Dr)l_

(e*'d')=0 (2.12a)

(e” A - rl Ml—e ) +e Me® D) =0. (2.12b)

3. Solutions with confined properties

A simple ansatz for the system (2.12a) and (2.12b) is given by ® =0. We can simplify
this system to one equation

1
(e_“A’)’—F e M(1-e ) =0. (3.1)
Defining f(r)=e """, (3.1) can be simplified further to

1 s
f"+-rzf(1—f‘)=0. (3.2)
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Note that under the condition ® =0, the non-zero components of the gauge potential
and field strength become simply

A= —f A% =—fsineg A% = —cos 6 (3.3)
s 1 o 1 PR 1
roré —— f Fr¢r¢ = ' F8¢9¢ — 1 _ 42 . 3.4
F er r? sin Bf r*sin 6 (1= (3:4)

4. Analysis

In the last section, we have arrived at a field equation of the form speciﬁpd in (3.2).
In order to study the special features of f and hence the potential A‘;B in a con-
venient way, we carry out another transformation

r=rpe’’ (4.1)
and write the normalised field equation as
fHi+fa-3=0 (4.2)

with f=df/dz Writing (4.2) as f==f-3V/af, we retriev.e the Newtonian equation
of motion for a particle experiencing a damping force —ff and a conservative force
derivable from a potential V; here

V=3f-if? (4.3)

In figure 1, we show the variation of this potential V with respect to f, which is treated
as a generalised coordinate. Let us first neglect the influence of the damping force on
the motion of the particle. As the ‘hypothetical particle’ travels from f = —co, it passes
through the peak specified by f=—1. Then the particle goes down the slope, passing
through the origin =0 to the other side. In case (i), if the velocity of the particle at
P, is zero, and it is allowed go to the right then it will be momentarily at rest at P,.
In practice, it will oscillate between P, and P,. If, however, in case (ii), the velocity
is greater than 0 at Py, the particle will pass through P, and go down the slope to the
right side. As -0, V> —co. Thus the initial condition determines the type of motion
of the particle. If we include the damping force in case (i), the particle will oscillate
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Figure 1. The conservative potential V(f) as a function of the generalised coordinate f.

2



Classical non-Abelian YMm gauge field 345

about 0 with decreasing amplitude. In case (ii), if the velocity at P, is large enough,
the particle could still go beyond P, and down the slope on the positive side of f. If
the velocity is not large enough to overcome the influence of damping, the particle
could not go beyond P,, but would again oscillate about 0, but for a longer ‘time’
interval.

We cannot obtain an analytical solution to equation (4.2). Using numerical simula-
tion, we show in figure 2, the evolution of f and f in the course of ‘generalised time’
z, under the boundary condition that the generalised velocity is f=0, f=0.4 at z=0,
Referring back to figure 1, the particle passes through point P, 0, to reach the point
Jf=0.4 where the particle is momentarily at rest, and it comes back and oscillates. We
see in figure 2 that f> 0 as z increases. The velocity f is also plotted for convenience
of analysis. Both f and f pass through the horizontal axis an infinite number of times.
In fact, the periodicity of oscillation of f can be obtained in the ‘small-f domain’, so
that

Lf1>1f7)
and the field equation is approximately given by

f+f+f=0 (4.4)
giving a solution

f=Ae 7 cos(3V3z+ o) (4.5)

where A and ¢, are integration constants. The period of the oscillation is 47/v/3 in
this case.
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Figure 2. (a) Variation of the functions f and f=df/dz with generalised time z, under
the boundary conditions f=0.4, df/dz =0 at z=0. (b) Dependence of f, f'=df/dr and
F on normalised distance r/r, with the same boundary conditions.

In order to visualise how the relevant functions vary with changing radial distance

r, we plot in ‘fjgure 2(b) the graphs for f(r), f'(r) and F(r) which represents the
component F™:

1

F(ry=F®=— ¢ (4.6)

r

where f'=df/dr.
Note that in figure 2(b), the independent variable has been transformed back to r
according to (4.1). We have found that the ‘depth of the small well’ pertaining to the
F(r) curve access at ry=1.47. It is worth remarking that F- —o0 at ry,<28. Since
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F(r) is one field strength component, it is connected with the interaction force causing
the field. If we put a test particle in the field, its motion is confined within a range
re<r<r,; the particle can never go beyond r,. Another interesting feature is that
F(r)- —cc at some finite space point in each case, representing the fact that the field
is enormous, but attractive in nature. So far, F(r) is not yet a direct physically
measurable quantity, yet the ‘confined feature’ remains after F(r) is transformed. The
detail of the connection between F(r) and an experimentally measurable quantity is
rather complex, and awaits further research.

As another example, we take the boundary conditions to be: at z=0, f=0,
f=df/dz=1.0. In figure 3(a), we plot f and f against z, similar to figure 2(a). In
figure 3(b), we plot f, f' (=df/dr) and F(r) against r. We note that the ‘well’ in the
F(r) curve is much more pronounced, due to different scaling in r (see (4.1)).

In figure 4, we start with a different type of boundary conditions: at z=0, f=0,
df/dz=1.5, such a condition correspond to a different type of motion all together.
Refer back to figure 1, the hypothetical particle at point 0 has a rather large velocity,
so that it can pass through point P, and go down the slope as V(f)-> —. In the f
scale, the particle starts from f- —o0, and propagates in the direction shown by the
arrow in figure 4. When f=0, r/ro=1 and as r/r,>0, f> . We also show the f’
curve in figure 4. The behaviour of F(r) is rather special in this case; it remains
negative for all spatial points. The particle is being attracted at all points; in particular,
it experiences an infinite field strength as r/r, falls below a critical value ~4.3.
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Figure 3. (a) Variation of the functions f, f=df/dz with generalised time z, under the
boundary conditions f =0, df/dz=1 at z=0. (b) Dependence of f, f'=df/dr and F on
normalised distance r/r, with the same boundary conditions.
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Figure 4. f, f'=df/dr and F plotted against r/r, Figure5. £, f'=df/dz and as functions of r/r, under

under the boundary conditions f =0, df/dz=1.5at the boundary conditions f=1.2, df/dz=0at z=0.
z=0.
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The third class of solution is displayed in figure 5 with the following boundary
conditions: at z=0, f = 1.2, df/dz =0. Refer back to figure 1: the particle is travelling
towards the left and is at rest at P; (f=1.2). It then moves ‘backwards’ in the sense
that it is being repelled by the field and goes to f->0. The particle can never reach
the domain bounded by P, and P,.

Following the same type of argument, if the particle starts at P, (f = —1.2,df/dz=0),
it will ‘go back’ and can never again reach the domain bounded by P, and P,. If we
carry out the transform f— —f, f'»—f', F=—F in figure 5, we will obtain another
corresponding figure; we would omit such an extension.

5. Conclusions

(i) Using a method recently developed [14] within the differential geometry regime,
we arrive at a single differential equation describing an O(4) non-Abelian Y™ gauge
field using a certain spherically symmetric ansatz.

(ii) We have carried out a series of numerical simulations of the spatial field
equation f”+(1/r?)f(1—f%) =0, where f'=df/dr, and the corresponding generalised
temporal field equation f+f+f(1-f* =0, where f=df/dz, r/ro,=e"* Though the
field quantities have yet to be transformed to physically observed quantities, we know
that the motion of a particle in a field is related to the field strength tensor as well as
the general charge. Drawing an analogue with Newtonian motion, we can imagine
that an hypotheical particle in the gauge field is experiencing a conservative potential
V(f) as depicted in figure 1 plus a damping force. Based on such an analysis, we
have analysed numerically the generalised temporal evolution of f, f', f given certain
sets of boundary conditions. The distributions of these three functions, together with
the field strength F™"® in space r are also analysed numerically.

(iii) Figures 2-5 describe three types of motion of the hypothetical particle: (a)
the particle is oscillating between P, P, in figure 1, (b) the particle goes through
P, P,, P,, ..., (c)the particle proceeds from right to left towards P; and then retreats
back.

(iv) We observe that under certain boundary conditions the particle experiences
a negative infinite field strength at a certain space point. On the other hand, the same
field strength is enormously large but positive at a certain smaller value of the space
point. Such a feature implies spatial confinement.

(v) If the generalised velocity is large enough (figure 4), F(r)> —oc at two space
points. Such a result indicates another type of confinement.

(vi) We have numerically analysed the other field strength components and have
obtained similar confinement properties. We shall not present similar graphs in in
order to save space.

(vii) Our result appears to indicate that further analysis of the field strength and
gauge potential components is desirable, in order to apply the theory to specific
problems.
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